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Abstract. Space and time are basic categories of any top-level ontology. Thduratamental assumptions for the mode of
existence of those individuals which are said to be in space and time. Imabsenp paper the ontology of space in the General
Formal Ontology (GFO) is expounded. This ontology is representedresay 37 (Brentano Theory), which is specified by a
set of axioms formalized in first-order logic. This theory uses four piierelations:S Reg(x) (z is space regionkpart(z,y)

(z is spatial part ofy), sb(x,y) (z is spatial boundary of), andscoinc(z,y) (x andy spatially coincide). This ontology is
inspired by ideas of Franz Brentano. The investigation and exploratibreoz Brentano’s ideas on space and time began about
twenty years ago by work of R.M. Chisholm, B. Smith and A. Varzi. Thespnt paper takes up this line of research and makes
a further step in establishing an ontology of space which is based on ugytwgical methods and on principles of the new
philosophical approach of integrative realism.
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1. Introduction

Space and time are basic categories of any top-level ontology. Theyradarhental assumptions for
the mode of existence of those individuals which are said to be in space and linteis paper we
expound the ontology of space as it is adopted by the top level ontology(Geferal Formal Ontology)
Herre (2010a). There are several approaches to space whidbraaaily be classified in the container
space whose typical representative is the notion of absolute spaddyyuséNewton as a basis in Newton
(1988), and in the relational space in the sense of G. Leibniz. Thesssiogpapproaches were disputed
in the famous correspondence between Clarke and Leibniz (see Cl&%@)). A valuable and detailed
analysis of these different space ontologies is set forth in Johank888)(

Another basic problem is whether space is ideal and subject-depamadmtther it is a real entity being
independent of the mind. According to I. Kant space is an a priori fdrthe perceptual experience of
the mind and has no real independent existence Kant (1998). Weddbfethesis that space has a double
nature. On the one hand, space is generated and determined by matiigsl @nd the relations that hold
between them. This space appears to the mind and provides the frame &bavidtactile experience. We
call this relational space thghenomenal spaagf material entities and claim that this space is grounded
in the subject, i.e. it is subject-dependent. On the other hand, we assunamyhataterial object has
a subject-independent disposition to generate this phenomenal spacall\ties dispositionextension
spaceand claim that this disposition unfolds in the mind/subject as phenomenal. Sgaeelistinction
between extension space of material entities and the phenomenal spte® iela certain extent, to the
distinction between spatiality and space, as considered in Hartmann (B88), Hartmann’s underlying
idea is that space is not a property of things, whereas spatiality is indeeleres in material objects
as a particular attributive. The basic relation between a material entity andeit®pienal space occurs

There is debate about of what it means that an entity is in space and tisie.@®asiderations pertain to endurantism and
perdurantism. The position established and defended in GFO cannob$fensed by either perdurantism or endurantism Herre
(2010a).
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to the subject as the relation of occupation. This position, being generédizedniversal subject-object-
relation, was introduced and established in GFO and called integrativemeddige (2010a)

The basic space entities of the phenomenal space are called space kelgiom are abstracted from
aggregates of material objects generating them. Hence, phenomereatapdie understood as a category
whose instances are space regions. We use the notion of categorgrtityathat can be instantiated and
draw on the approach to categories, presented in Gracia (1999).

The present paper is devoted to the investigation and axiomatization of tlyoigatd phenomenal
space. This axiomatization - expounded and specified in this paper asadies theory37 - is inspired
by ideas on space that are set forth by Brentano (1976). Hencelhangaheory including the axioms
of BT a Brentano-Ontology of space. The thedty can be understood as a formal specification of the
categoryphenomenal spac®Ve believe that Brentano’s ideas on space and continuum correpond
experience of sense data.

There is a relation between the category of phenomenal space and dhgt@lsntainer space in the
sense of Newton. The axioms Bf” stipulate that any two space regions can be extended to a common
space region, and that every space region has a proper extensi@amog it as an inner part. Using
these conditions and an additional condition about the existence of ballsre&ging diameter one may
construct a suitable increasingly infinite chain of space regions whose lighilsyan entity that can be
considered an absolute container sphtée call this entity arabsolute phenomenal spageanabsolute
Brentano spagedenoted by4ABS °. The absolute phenomenal space is an ideal entity which is the result
of a limit construction of the mind. The term phenomenal space is understdmddaategory, whereas
the absolute phenomenal space is comprehended to be an ideal individual.

There is a difference between Newton’s space and a phenomenéltalsmace. Newton’s space does
not allow the coincidence of different boundaries where a phenorspaak exhibits this propePtyHence
both spaces have a different topological structure.

The investigation of boundaries in the spirit of F. Brentano was establishtid seminal works of
Chisholm (1984), and was further elaborated by Smith (1996) and {&826). These approaches, how-
ever, develop only weak axiomatic fragments, and, furthermore, mix €iffdtcinds of categories that
might lead to inconsistencies. There is, for example, no clear separatiwadrepure space boundaries
and boundaries of material entities, and, furthermore, there is not y#ficiently developed theory of
how these types of entities are ontologically related.

The present paper takes up this research on boundaries and mekes teps in establishing this
research topic. This paper is mainly devoted to pure space, and, \wsllbeaalations between space and
material entities are outlined only. In pure space (called in the sequel piegrad space) there are, in a
sense, only fiat boundaries, whereas natural (or bona fide) bdesdire related to material objects. In a
forthcoming paper we will study the ontology of material entities with respecteio §patial properties;
basic ideas on this topic are presented in Baumann (2009) and Herfaj201

The paper is organized as follows. In section 2 we collect basic notatiam frodel theory and logic
and give an overview about the axiomatic method. This section is motivatecegjttiation that we are
developing a new theory of space from scratch which implies that we apbs/@t/in all aspects of the
axiomatic method. In section 3 basics on the relation between material entitiepasel are outlined.

2Recently, there started a debate -initiated by G. Merril in Merril (2010)ougathe interpretation and role of philosophical
realism, and, in particular about the type of realism, defended by B. Smithmerous papers, cf. Smith (2004, 2006). We
believe that integrative realism overcomes serious weaknesses ofgrméhlism.

3We emphasize that our approach, though inspired by Brentano'sagipris our own interpretation. The question of whether
our interpretation is correct is irrelevant for the purpose of this p&par.interpretation is triggered by practical considerations
pertaining to suitable methods for modeling of entities of the world. The inttimu of the term "Brentano Space" is justified
because of the influence of Brentano’s ideas.

“It seems to be that we need a notion of quantitatively measured distarefin® slich a sequence of increasing space regions.

SNote that this entity is a theoretical construct, a creation of an ideal entityy beiside the theory. An absolute phenomeno-
logical space has all space regions as proper parts. Hence it is itsgine region in the sense of the theory.

®The possibility of coincidence of different boundaries is one backlpdBrentano’s ideas on space. The relation of coinci-
dence is a primitive notion that must be characterized axiomatically.
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We sketch the basic ideas of the top level ontology GFO and elucidate tharredewf phenomenal
space as a frame for organizing sense data. The main section 4 of tmenudydes a representation and
discussion of axioms used to describe Brentano space in a formal wpyintriple, we could discuss
these axioms (this axiomatic theory) independently from any philosophicitiggn Nevertheless, we
considered some motivation for using Brentano-Space. Our motivation idynpaactical and is aimed
at developing better, i.e. more adequate, modeling methods and designgaection 5 introduces
new classification principles for describing and distinguishing categofiggaze entities. This principle
is based on the notion of elementary equivalence. This notion, althougtkmeelin in classical model
theory, e.g. Chang and Keisler (1977), Hodges (1993), Ender@2jland Barwise et al. (1985) is not
yet systematically exploited in ontological investigations. Hence, we intrathicenethod in ontology. In
particular, we propose the idea that the "species" of space entities sfeo#ptured by their elementary
types. In section 6 we discuss some applications of our ontology. Thadissection is concerned with
a clarification of what it means that a theory is applied. We distinguish betivegzontal and vertical
applications of a theory and explore these ideas in the area of anatontcgéagraphical information
science. In section 7 we consider other approaches, and, finalligrs8gresents the conclusion, gives
an overview about future work, and discusses a number of opeteptebSection 8 can be understood as
the outline of a research program for the ontology of space and o gpdities.

2. Principles and Problems of Axiomatic Foundation

Since we must develop the axioms for our space ontology from scratctissess in this section a
number of problems, which arise in these investigations. Our generalrankés the axiomatic method,
established and elaborated by D. Hilbert, basic ideas are expounded entHilB18). We consider this
method as a part of formal ontology, in the spirit of the research prograofii@ato-Med, presented in
Herre (2010a, 2002) and Herre et al. (2007).

The axiomatic method comprises principles used for the development of thaodeeasoning systems
aiming at the foundation, systematization and formalization of a field of knowlatigut a domain of the
world. If knowledge of a certain domain is assembled in a systematic way,amdistinguish a set of
concepts in this field that are accepted to be understandable in themsedesl! ivese concepgsimitive
or basig and we use them without formally explaining their meanings through explitititiens.

Given the primitive concepts, we can construct formal sentences whitride formal-logical inter-
relations between them. Some of these sentences are accepted as tru@indtewhder consideration,
they are chosen as axioms without establishing their validity by means of & praotruth of axioms of
an empirical theory may be supported by experimental data. These axifims ttie primitive concepts,
in a certain sense, implicitly, because the concepts’ meaning is capturedrsithined by them.

The most difficult methodological problem concerning the introduction afrag is their justification.
In general, four basic problems are related to an axiomatization of the kaigevtef a domain.

1. Which are the appropriate concepts and relations of a domain? (problmmceptualization)

2. How we may find axioms? (axiomatization problem)

3. How can we know that our axioms are true in the considered domain? [fatirem)

4. How can we prove that our theory is consistent? (consistency problem)

The choice and introduction of adequate concepts is a crucial onejdgettae axioms are built upon
them. Without an adequate conceptual basis we cannot establish fglasmmé relevant axioms for de-
scribing the domain. An inappropriate choice of the basic concepts fomaiddeads to the problems
of irrelevance and conceptual incompletene¥¥e distinguish four basic types of domains: domains of

"The situation of inappropriate conceptualization seems to be the case farrteat mainstream economical theories. One
may argue that the weak predictive power of these theories is not noaneded by the complexity of the domain, but, mainly, by
a non-adequate conceptual basis. This opinion is supported by theW@dckshott and Cotrell (1997); Cottrell and Cockshott
(2007).
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the material world, domains of the mental-psychological world, domains ofitialsvorld, and, finally,
abstract, ideal domains. Basic ideas on these ontological regions wabdisteed by Hartmann (1950),
and further elaborated by Poli (2001).

Examples of material domains are, for example, biology, physics, chenastiyparts of geography.
These domains belong to the field of natural sciences, and they allow - toestems - the use of experi-
ments. One source for discovering of axioms in such empirical domains igttezalization on the basis
of a set of single cases. This kind of reasoning is called inductive iméeteAnother source of axioms are
idealizations, and usually any science uses such idealizations.

The psychological-mental domain is more difficult to deal with because iexpets can be only
partially applied. Experiments must be repeatable and objectivisable, wthese conditions can be
achieved for subjective phenomena, such as feelings, intentionakatftspnsciousness, and thoughts
is unclear. We hold that subjective phenomena are founded on mateuizlséis, according to ideas set
forth in Kandel (1998); though, we believe that a strong reduction otah@henomena to material ones
is not possible.

A particular complex domain exhibits a social system which includes indivicgugdats and their inter-
actions. Hence, social systems contain mental-psychological pheno@etle other hand, social sys-
tems are grounded on a material basis which includes economy.

The fourth type of domain is related to ideal entities. A typical domain of this typeathematics,
which can be, in principle, reduced to set theb§et theory belongs to an ideal platonic world which
is independent from the subject. Such ideal domains principally excluygeriexents, hence, they raise
the question of how we gain access to knowledge about them. Such idealrdoprincipally exclude
experiments, hence, they raise the question of how we gain access ttedgevabout them.

According to our approach, Brentano space is founded, on the awtk imaour visual experience, i.e.
it exhibits aspects of the mental-psychological stratum. On the other harndiraguced the notion of an
absolute Brentano space (or absolute phenomenological space)gasran ideal entity comparable to
a mathematical object. This Brentano space and its space entities is givenytitnnetapprehension in
the sense of Kant (1998); we assume that this space is uniquely deterirhigihner apprehension is the
basis for the discovery of axioms which can be partly justified by relating tieemathematical objects
of geometry?

In the sequel of this section we summarize basic notions and theorems frorhthemtg, logic and set
theory which are relevant for this paper. These notions are presergehdard text books, as in Hodges
(1993), Chang and Keisler (1977), Barwise et al. (1985) and De{883).

A logical language/, is determined by a syntax specifying its formulas, and by a semantics.gtrou
out this paper we use first order logic (FOL) as a framework. The siesaf FOL is presented by rela-
tional structures, called-structures, which are interpretations of a signatucensisting of relational and
functional symbols. We use the term model-theoretical structure to dersiterfifer relational structures.
For a model-theoretic structuret and a formulap we use the expressionV! = ¢” which means that
the formulag¢ is true in M. A structureM is called a model of a theory, being a set of formulae, if,
for every formulap € T, the conditionM = ¢ is satisfied. Let Mod[) be the class of all models 6f.
Conversely, we define for a claksof o-structures the theory @, denoted byi"h(KC), and defined by the
the conditionTh(K) = {¢ | A |= ¢ for all A € £}. The logical consequence relation, denoted sy,
is defined by the conditior# |= ¢ if and only if Mod(7)C Mod({¢}).

8Most mathematicians accept this statement. To be more explicit, set tHapsytipe role of a core ontology for mathematics.
This does not mean that any mathematical discipline is a part of set tterynly that arbitrary mathematical notions can be
reconstructed in the framework of set theory. Furthermore, we natettere are competing core ontologies for mathematics, for
example mathematical category theory.

9There is the problem how these four ontological regions are connéicsegms to be that there is the following, more precise,
classification: (1) temporal-spatial reality, subdivided in spatio-tenipoederial entities, and temporal mental-psychological
and sociological entities, (2) entities being independent from space aedtirndependent on the mind, e.g., concepts, (3) ideal
entities which are independent of space and time, and exhibit an objeaiie for its own, independently from the mind. A
similar classification is discussed in Ingarden (1964).
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For the first order logic the completeness theorem is tfue= ¢ if and only if 7 + ¢, whereas
the relation *” is a suitable formal derivability relation. The operation €n(is the classical closure
operation which is defined by: Chj = {¢ | T |= ¢}. A theory T is said to be decidable if there is an
algorithm Alg (with two output values 0,1) that stops for every input semtemd satisfies the condition:
For every sentencgof £(T): T |= ¢ if and only if Alg(¢) = 1. An extensiors of a theoryT is said to be
complete if for every sentenee S |= ¢ or S = —¢. A complete and consistent extensiorjofs called
an elementary type of . Assuming that the languaggis countable then there exists a countable set X of
types of 7 such that every sentengewhich is consistent witly™ is consistent with a type from X. In this
case we say that the s&tis dense in the set of all types . The classification problem fof is solved
if a reasonable description of a countable dense set of types is pidsente

3. Onthe relation between Material Entities and Space Entities

In this section we consider basic relations between space entities and naigeds. We give here an
overview only because a complete exposition of this theory is a topic of its admal be set forth in
a separate paper. The elucidation of the relation between material entitispaseimakes use of GFO’s
classification of spatio-temporal individuals whose basic features armatized in the next subsection.

3.1. Basics on GFO

Concrete individuals are classified into continuants, presentials andgsex Material entities, being
concrete individuals, are divided into the classes of material structoeasg( presentials), material pro-
cesses, and material continuants. Continuants persist through time and lifatime, being a time inter-
val of non-zero duration, whereas processes happen in time andiane fiave a temporal extension. A
continuant exhibits at any time point of its lifetime a uniquely determined entity, cpilesential, which
is wholly present at that time point. Examples of continuants are this car, thishistree, this kidney,
being persisting entities with a lifetime. Examples of presentials are this car, thithizatree, this kid-
ney, any of them being wholly present at a certain time paiftence, the specification of a presential
additionally requires a declaration of a time point.

Every procesg has a temporal extension, which is a time interval of non-zero duratios€elihtervals
are called in GFO chronoids. In contrast to a presential, a processtdawholly present at a time point.
Examples of processes are the happening of a 100 M run during a timeaintamd at certain location
with the runners as participants, the movement of a stone from locdtitilocation B, a continuous
change of the colour of a human face during a certain time interval, a slirgevention at a particular
temporal and spatial location, or the execution of a clinical trial, managednwylkdlow.

Continuants may change, because, on the one hand, they persishttimegon the other hand, they
exhibit different properties at different time points of its lifetime. Hence,hetd that only persisting
individuals may change. On the other hand, a process as a whole cdramgje, but it may possess
changes, or it may be a change. Hertoeghangeandto have a changer to be a changare different
notions.

A process has temporal parts, any of them is determined by taking a tempatralf ghe process’
temporal extension and restricting the original process to this subintehatelationtemprestr(p, ¢, q)
has the meaning, thatis a process; a subinterval of the temporal extensiongpfandg is that process,
which is determined by restricting the procest® c. If we consider a time point of a process’ temporal
extension, we allow the restriction of the process to this point. The relatiopbd(p, t, q) (¢ is temporal
boundary of the procegsat time pointt) states, thap is a processt is a time point of the temporal
extension ofp, andq is the result of restricting g to ¢. ¢ is called a process boundarypht time point
t. In GFO, the following axiom is stipulated.

Law of object-process integrationLet ¢ be a material continuant. Then there exists a uniquely deter-
mined material procegs denoted byProc(c), such that the presentials, exhibiteddgt the time points
of ¢’s lifetime, coincide with the process boundariep¢€ompare Herre (2010a) and Herre et al. (2007)).
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Assuming this integration law, we say that the continussuipervenes on the proceBsoc(c), whose
existence is assumed. We hold that a continuaté¢pends, on the hand, on a process, on which it su-
pervenes, and on the other hand, on the mind, sinsesupposed - in the framework of GFO - to be a
cognitive construction. One of GFO'’s unique selling features is the irttegraf continuants, processes,
and presentials into a uniform system. Hence, GFO integrates a 3D-ontoidgy 4D-ontology into one
coherent framework. We emphasize that the GFO-approach diffars thie stage-theory, discussed by
Sider (2001) and by Lewis (1986), see also Heller and Herre (2004)further development of top level
ontologies and its applications needs a comparative study of the diffggprdaches to understand and
evaluate their strengths and weaknesses. Such investigations are yetratsgresent, though, in the
recent paper Maojo (2011) the authors opened a discussion on Heesebestions.

3.2. Phenomenal Space, Material Entities, and Visual Space

We distinguish between phenomenal space and several sorts of seaspaces. Visual space, being
a sense data space, is related to all objects in the visual field together witbrtteévpd spatial relations
between them. We hold that the visual space is composed of visual seasdauppose that the phe-
nomenal space is an a priori formal frame for the organisation of sextaetdence, visual sense-data are
localized in the phenomenal space in which they are related to each otherthedody of the observer.
To get a complete picture of this situation we assume that the sense datatacktreladependent entities
of reality which possess dispositions that unfold in the mind, finally resultingeisetisense data. Unfold-
ing these dispositions in the mind is a result of the mind’s cognitive activity. Tibagmenal space should
exhibit features, compatible with properties of visual space and othee s#ata spaces. An important
criterion of adequacy is the elucidation and correct interpretation of theacbbetween natural bound-
aries of disjoint surfaces. The foundation of this feature uses theideime of pure spatial boundaries
of the phenomenal space. Material entities are connected to the phenepereby the basic relation of
occupation, denoteacc(z, y), having the meaning that the material entitpccupies the space entity
The determination of the relatiarc(x, y) must take the dimension of granularity into the consideration.
If we consider, for example, a cuhemade of iron, andcc(z, y), theny is not uniquely determined;
can mirror the grid of atoms af, buty might be, from another perspective, a spatial cube. Hence, we
stipulate thabee(z, y) is introduced and defined by assuming a particular granularity. We alsmass
using the ideas of integrative realism, that a material entity exists, on the adeihdependently of the
subject, on the other hand it possesses many dispositions that unfold in theOnim of such properties
is the granularity of a material object. The granularity belongs to the pheradnwend.

In what follows we assume that the relatiosc(z, y) is already equipped with a fixed granularity. The
first argument of the relationcc(x, y) can be a material presential, a material continuant, or a material
process. Material presentials are called in GFO material structures@andwared by predicated denoted
by the expressioi/atStr(x). Material structures are assumed to possess an extension spacal(atso c
inner space, i.e. a quality the material objects possess to extend in the phnehspecef. If the first
argumentz of occ(x,y) is a material structure, we require that the spgaceccupied byz is uniquely
determined. In the present paper, we consider the relatiefx, y) only for the case that is a material
structure'?,

The following axioms are assumed to be basic. They specify some of the mel&iween material
structures and occupied space entities.

1. Vo (MatStr(x) — 3y(SReg(y) A occ(z,y))) (occupation axiom)
2. Vxy (occ(x,y) — (MatStr(x) A SReg(y))) (argument restriction)
3. Vayz (occ(z,y) A oce(x, z) — y = 2) (uniqueness)

1%The extensions space, or inner space corresponds to the nospatilityin the sense of Hartmann (1959).
The complete theory must admit also material processes and contirasafitst argument of the relatiaree(x, y). This
more complex situation will be investigated in another paper, which is detotbe ontology of material entities.
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For every material structurethere exists a uniquely determined time pdistich thatt(z, t), having
the meaning that exists att. The uniqueness axiom is debatable because a statue may occupy the same
space entity as the clay it is made of. But we assume that the clay is not a mstteiire and stipulate
that the first argument afcc(z, ), in the context of this axiom, is a material structure. Hence, this debate
does not apply to this axiom.

3.3. Mereology of material objects and space entities

Mereology is the theory of parthood relations. These relations pertainrtagwhole, and part-to-
part within a whole. We use as standard reference for mereology thHe afi@imons (1987). A basic
mereological system M = (E) is given by a domain E of entities and a binary relationThe minimal
system of axioms is denoted by M and is calggdund mereologylin this section we summarize basic
notions and axioms of mereology and explore which of the mereological axppig to material entities
and which to the phenomenal space. We claim that, in general, the meredltgyghenomenal space
differs from the mereology of material objects.

MAL. Vz (x < x) (reflexivity)
MA2. Vzy (z <yAy<zx—x=1y) (antisymmetry)
MA3. Vzyz (r <yAy<z—z<2) (transitivity)

The ground mereology M is the first order theory of partial orderingss i a weak theory that will be
extended by a number of further axioms. We collect some standard defénitsea in mereology.

MD1. 2z <y=g 2z <yA-(z=1y) (proper part)
MD2. ov(z,y) =g 3z (2 <z ANz <) (overlap)
MD3. sum(z,y, z) =q Yw(ov(w, z) <+ ov(w,z) V ov(w,y)) (sum)
MDA4. intersect(x,y, z) =¢f Vw(w < z <> w <z Aw < y) (intersection)
MDS5. relcompl(z,y, z) =4 Vw(w < z < w < y A —ov(w, x) (z is relative complement of x to y)

The subsequent axioms belong to the abstract core theory of meredlegyare divided into axioms
pertaining to several versions of supplementation and in axioms related tasibe br mereological sum
of entities.

MA4. Vzy(y < z — Jz(z < A —ov(z,y))) (weak supplementation principle)
MAS. Vzy(—y <z — Fz(z < y A —ov(z,x))) (strong supplementation principle)
MAG. Vzy3z(sum(z,y, z)) (existence of the mereological sum)
MAT7. ov(x,y) — Jz(intersect(x,y, z)) (existence of intersections if y and x overlap)
MAS8. Vzy(—z <y — Jz(relcompl(z,y, 2))) (existence of the relative complement)

Minimal mereology, denoted by MM, is the theory containing exactly the axiom4dMAThe sef
MAL, MA2, MA3, MA5 }, denoted by EM, is called extensional mereology. Classical mereologytet
by CM, is defined by the set CM = EM { MA6, MA7, MAS }.
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The part-of relation for space is denoted kpyurt(x,y),  andy being appropriate space entities.
We hold that the relatiompart(z,y) satisfies all axioms of classical mereology. The part-of relation for
material entities is denoted byatpart(x,y) (x, y are material entities, and is a material part of)).

A further specification of the relatiomatpart(z,y) is needed, becauge = can be material structures,
material continuants or material processes. In the current paper weas®r the sake of simplicity, that
x andy are material structures, which are by definition presentials. In this case l@y® g minor role
only.

Subsequently we discuss some sentences related to material structeréslioMing sentence is as-
sumed to be an axiomiz(MatStr(z) A occ(x,y) A matpart(z,z) — Ju(spart(u,y) A occ(z,u))).
Though, the following sentence cannot be accepted as an axi@f\/atStr(xz) A occ(z,y) A
spart(z,y) — Ju(matpart(u,y) A occ(u, 2))). The reason for non-acceptance is that there are no space
atoms, but on the other hand, it is reasonable to assume that there arereaténgs without proper
material parts.

The relationmatpart(z,y) does not satisfy, in general, all axioms of classical mereology. The axioms
to be considered as true depend mainly on the domain. A systematic logicabapgo this topic is
presented in Herre (2010Db).

3.4. Material and spatial Boundaries

A boundary occurs if an entity is demarcated from its environment. We musiglissh the boundary
of a pure space region from the boundary of a material structure, the Wwateall material boundary
Natural boundariesare particular material boundaries which exhibit a discontinuity. Thereseareral
classical puzzles which pertain to material boundaries, among them, ldeproblemWhat is it that
divides the atmosphere from the water? Is it air or is it watdg?/inci (1938), and F. Brentano’s problem:
What color is the line of the demarcation between a red surface and bldcsubeing in contact with
each other®Brentano (1976). An outline of these topics and a valuable introduction $e fh@blems is
presented in Varzi (2008).

The relevant problems of boundaries occur if material structures argidsyed. Usually, two theo-
ries of material boundaries can be distinguished: realist theories and dlinsintheories, a discussion
is presented in Varzi (1997). We defend an approach that we call thgrative theory of boundaries.
Natural boundaries, on the one hand, are cognitive constructione afitid. On the other hand, they are
founded in dispositions of the physical, subject-independent real wdtliral boundaries are the result
of unfolding these dispositions in the mind.

The present paper takes up research on boundaries and makesstefs for establishing this research
topic; it is mainly devoted to pure space, and, hence, phenomena relatetetahabjects are sketched
only. In pure space there are, in a sense, only fiat boundarieseasheatural (bona fide) boundaries
are related to material objects/structures. On the other hand, pure spamakies have its origin in the
duality between extension space and phenomenal space. They azfgrihagrounded in the existence of
material objects and its material boundaries. A basic feature of spacddrtesis their ability to coincide.

According to our theory boundaries have no independent existeregealivays depend on higher di-
mensional space entities, such that points are boundaries of spacspiaes|ines are boundaries of space
surfaces, and surfaces are boundaries of space regions, haiagitmensional entities. We stipulate that
only space boundaries may coincide, never material boundaries, e@dangpace boundary and a mate-
rial boundary. But what is the relation between a material boundary apd@e boundary? We hold that
they are connected by the occupation-relatior3 is a material boundary of a material structdre and
M occupies the space entif then a material boundary dff occupies a certain space-boundary, being
a space boundary of the space entity occupiedhy
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3.5. Topology

In recent years theories were developed for representing qualiteperts of space which are mainly
related to the notion of topological connectedness. These theories pgiedao many distinct areas, as,
for example, formal ontology, cognitive geography, and spatial aiicsp@mporal reasoning in artificial
intelligence.

We distinguish boundary-based topological theories, introducing lasigsdas a primitive notion, from
classical, or boundary-free theories in which the notion of boundargliszatl. In the classical theory
a topological space is given by a systéii C1) consisting of a set/ of points and a familyCl of
subsets of/which are called closed. The family of closed sets Cl is algebraically clostdrespect
to arbitrary intersections and finite unions. A dual definition of a topologpake introduces, instead
of the closed sets, a system of open sets. An algebraic characteriztioriassical topological space
must take into consideration the algebraic operations, comp, wherecomp(z) is the unary operation
of complementation. Hence, a full standard representation of a topolagiaet is given by the following
systenCT = (Pow(U),Cl,Z,N,U, compl), whereCl C Pow(U).

The classical theory of topological space is point-set based. Topal@jiactures which are based on
boundaries and regions differ from the classical system in some impagpetts. Regions and bound-
aries are entitiesui generiswhich are not presented as sets of points. These entities are connected
by two relations: a relatiobd(z,y), = is a boundary of the regiow, and the relatiorcoinc(x, y),
the boundariesr and y coincide A boundary-based topological structure has, then, the f&&:=
(Regions, bd(x,y), scoinc(x,y), spart(z,y)). Both types of topological structures have a different con-
ceptual basis whose inter-relation is not yet understood. One problki@ igsconstruction of the relation
of coincidence in the framework of classical topological spaces. Inrgimadwork of the classical theory
the boundary of a sef, denoted byoS, is defined as the intersection of the (topological) closure of S
with the closure of its complement, henék§= closure(S) N closure(compl(S)). This definition does
not allow the coincidence of distinct boundaries.

It turns out that topological notions can be applied to space entities, orthibe ltand, their use for
the description of material objects is limited. The connectedness of a matggat,dbr example, is not
merely a topological notion. Consider, for example, two cubes made of img lpon each other. The
cubes together occupy a connected space region (a topoid). But, ¢isisdiomply that they are materially
connected, because in this case additional physical forces must Ipeitékeonsideration, for example
adhesion forces. Another example is presented by a chain of links wktdbits another kind of material
connectedness. Furthermore, the contact between two material biesrdamot be adequately described
by using topological notions alone. Hence, we believe that the open-distigction applied to material
objects, as expounded in Smith and Varzi (2000), is misleading.

3.6. Metrics for Phenomenal and Visual Space

We assume that the phenomenal space can be introspectively accéssed any metrics. The phe-
nomenal space exhibits basic features, as continuity (i.e. there areaqgoagpes), the existence of bound-
aries as dependent entities, and the coincidence of space bound@agesotion of dimension can in-
ductively determined by using the notion of boundary and the space eniity beund; this approach
was proposed by Menger (1943) and Poincare (1963). We stipuldtththphenomenal space includes
space entities of the dimensions 0, 1, 2, 3. Furthermore, every spaceocédityension greater O can be
extended along the same dimension.

Metrics become relevant if we want to measure material objects, the sizartheviolume etc. An-
other important aspect, relevant for the metric is the dimension of the spacaddpt the condition that
visual space is three-dimensional. The three-dimensionality of visuat $pdefended by philosophers or
mathematicians, as Poincare (1963) and Luneburg (1950). Anothgr gesumes visual space to be two-
dimensional, Helmholtz (1962). The metrics introduced for the phenomeae¢ Should be compatible
with the metrics of visual space, and other sense data spaces. Furthenwaanust admit that different
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points may have distance zero. This is the case if two natural boundagigs@mtact. We conclude that
an appropriate metrics for the visual space, and hence for the pheabspaice, does not satisfy one of
the condition of a metrics. Hence, if we introduce a notion of distance betgare entities then the
boundary-based theories lead to pseudo-metric spaces.

If we factorize such a pseudo-metric space with respect to classescidiog points (boundaries), then
we get a metric, and we may ask which type of metric we should assume. Ifenemplenal space mirrors
the features of the visual space, we may ask whether experimental iatesttggprovide informations
about the metrics of visual space. Here exist competing approachesaamd. In Luneburg (1950),
for example, it is claimed that visual space has a hyperbolic metric, whEreash (1987) defends the
idea that the visual space’s metric is spherical. In contrast, Angell j193tes that the visual field is a
non-euclidean two-dimensional, elliptic geometry. Proponents of the clainvigwl space possesses a
Euclidean metric include Kant (1998) and Strawson (1966). The invéistigeof the metrics of sense data
spaces have not achieved a final stage, it is a active research area.

4. An Axiomatization of Brentano Space
4.1. Introduction

In this chapter we develop an axiomatic theory for the description of theBrer@ano SpacBS(3).

We assume thdBS(3) is uniquely determined, though, our knowledge about it is limited. Our sdarce
the justification of these axioms is the pure apperception and daily experinadso analogies to clas-
sical mathematical theories of manifolds. This axiomatization represents al fontoéogy of Brentano
space and is a part of the GFO.

Brentano spac®S(3) is axiomatized as a theory in first-order logic with equality enriched by four
primitive relations,SReg(x), spart(x,y), scoinc(z,y), sb(x,y). This theory is denoted b T; it in-
cludes, at present, 40 axioms and 57 definitions. The universe ofudiscts a seb E whose elements
are called space entities. The $df is divided into four pairwise disjoint classes, namshace regions
surface regiongline regionsandpoint regions Hence, any modell of the theory37 can be represented
as a relational structurd = (SE, SReg’, scoinc®, spart’, sb’), where the interpretations of the cor-
responding symbol$ Reg, spart, scoinc, sb are denoted by Reg®, scoinc®, spart’,sb®. SReg’ is a
unary predicate ove$ E, whereasscoinc?, spart®, sb® are binary relations ove§ E. We assume that the
axioms inB7 are true in Brentano spaé®S(3) which is considered as the standard modeB®t.1?

There is partly an analogy between space regions and topological coitmgsedimensional manifolds
which are embeddable int@? like a solid torus or a ball. The most important kind of space regions
are connected space regions, which are cailbgbids We assume that every space region is a finite
(mereological) sum of topoids. The notion of space region is a basic ptedihereas the notion of a
topoid is derived by an explicit definition.

Animportant subclass of lower-dimensional space entitiesatial boundariesWe hold, according to
Brentano (1976) that spatial boundaries cannot exist independentlygmselves. A boundary is always
the boundary of a higher-dimensional space entity. An important propeltyer-dimensional space en-
tities is the ability to coincide. Two surface (lines, point) regions coincide if greyco-located and com-
patible. In contrast to classical topology two coinciding boundaries maystieat.'® Consider, for ex-

12This raises the question of how the standard model can be specifiecimtiepily of any set of axioms. This seems to be
impossible, there is no absolute specification of the standard model. ©wtddge about the standard model depends on the
axioms that are believed to be true in it. The existence and uniquenestaofiasl model is a metaphysical assumption.

3The coincidence relatioscoinc(z, y) is considered as primitive, hence, it cannot be explicitly defined by etbtons.
The relation of co-location is used in an informal intuitive manner with thenimgg‘being at the same place”. This aspect of
coincidence can intuitively be grasped by using the notion of distance distinct coinciding boundaries have distance zero
(compare the idea of pseudo-metric spaces). The second pointlyneonegpatibility, refer to an “equal construction type” or
equal “size” of two space entities. Two entities are compatible if there is art@pne correspondence between there basic
components. This feature is closely connected with so-caless-entitie§compare paragraph 4.2.2.11. for more details).
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ample, two spatial cubes lying upon each other. Each cube seen indliyidasiits own two-dimensional
spatial boundary. The upper side of the lower cube and the lower sitte apper cube coincide, but are
still different. The mereological sum of such coinciding spatial boundasian example for aextraordi-
nary** two-dimensional space entity. We stipulate that coincidence is a equivakdatien, in particular,
every boundary coincides with itself.

The co-dimension between a spatial boundary and the correspongiog sptity it bounds is 1. That
means, for instance that a line region cannot be a spatial boundarypata segion. We postulate that
every space region has a maximal spatial boundary. This axiom caafjudtified for lower-dimensional
entities. Imagine, for example, a circle or an empty cuboid. Ordinary two-nerdimensional space
entities correspond, by analogy, to two- or one-dimensional manifold# éimely are connected we call
themsurfaceor lines Note, that space, surface and line regions are ensitiegenerigthat means, higher-
dimensional entities cannot not be defined as a set of lower-dimensiditeEs

The parthood relationpart(x,y), X is a spatial part of yexhibits a partial ordering (reflexive, anti-
symmetric, transitive). If a space entityis a spatial part of a space entify then they must have the
same dimension. This implies that a surface cannot be a spatial part ofa rgggon. The connection
between two space entities of co-dimension greater than 1 is expressedtbgraelation which is called
hyper-part-of Hence, a surface, line or point may be a hyper-part of a spacenregio

4.2. Axiomatization

4.2.1. Basic Relations

B1. SReg(x) (x is a space region)
B2. spart(z,y) (z is a spatial part of)
B3. scoinc(z,y) (x andy are coincident)
B4. sb(z,y) (z is a spatial boundary af)

Fig. 1. Space Regions

14an space entity is extraordinary if it has two non-overlapping coincideatial parts (compare definition D20).
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4.2.2. Definitions
4.2.2.1. Standard Definitions

D1. sppart(x,y) =ar spart(x,y) Nx #y (z is a proper spatial part-of)
D2. sov(z,y) =qf 3z (spart(z,z) A spart(z,y)) (spatial overlap)

D3. sumy (21, ..., Tn, ) =g V' (sov(z', ) <> /I sov(x’, x;))
(z is the mereological sum afy,....z,,n > 2)
DA4. intsecty(x1, ..., Tn, x) =qf V&' (spart(zt,x) <> N[, spart(z, x;))
(= is the mereological intersection of,....z,,n > 2)

D5. reompln (1, ..., Tn, ¥) =ar N\1<jcj<n €qdim(zi, x;) AVz* (spart(z’, x) <> /\?:_11 asov(x, ;) A
spart(z, zy,))

(z is the relative complement af, andxy,....z, 1,1 > 2)

The definitions of the mereological sum, intersection and relative complemestizemata of definitions.
It can be shown that these relations are functional, i.eztisauniquely determined (see paragraph 4.2.4.2
and the comments therein).

4.2.2.2. Lower-Dimensional space entitiesower-dimensional space entities have at least one spatial
part that is a spatial boundary of a higher-dimensional space entity.

D6. 2DE(x) =g Jz‘y (spart(z‘,x) N SReg(y) A sb(x*,y)) (« is a surface region)
D7. 1DE(x) =qf 3z‘y (spart(z‘,x) AN2DE(y) A sb(z,y)) (« is aline region)
D8. 0DE(x) =qf Jz‘y (spart(xz‘,x) N1DE(y) A sb(z,y)) (x is a point region)
D9. LDE(x) =g 2DE(x) V1DE(x) VODE(x) (« is a lower dimensional space entity)

D10. eqdim(z,y) =qr (SReg(x)ANSReg(y))V(2DE(x)\2DE(y))V(1DE(x)\1DE(y))V(0DE(x)A
0DE(y))

(z andy have equal dimension)

4.2.2.3. Spatial Boundarieslf the whole entity is the boundary of something we will call it jsgta-
tial boundary Spatial boundaries are subsets of lower-dimensional entities per defifBicstipulating

cognitively adequate axioms one may easily show that they are even a putyset (compare paragraph
4.2.3.6).

D11. 2D B(x) =4 Jy (SReg(y) A sb(x,y)) (x is a 2-dim. boundary)
D12. 1DB(z) =4 3y (2DE(y) A sb(x,y)) (x is a 1-dim. boundary)
D13. 0DB(x) =4 Jy (1DE(y) A sb(x,y)) (x is a 0-dim. boundary)
D14. 2db(z,y) =4t SReg(y) A sb(x,y) (x is a 2-dim. boundary of)
D15. 1db(z,y) =qr 2DE(y) A sb(x,y) (z is a 1-dim. boundary of)

D16. 0db(z,y) =qr 1DE(y) A sb(x,y) (z is a 0-dim. boundary af)
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D17. SB(x) =4 3y sb(x,y) (« is a spatial boundary)

D18. maxb(x,y) =ar sb(x,y) ANVz (sb(z,y) — spart(z,x)) (xisthe maximal spatial boundary gf

4

X

2DB(x) 1DB(x)
X

1DB(x) 0DB(x)

Fig. 2. Spatial Boundaries

4.2.2.4. Ordinary and Extraordinary space entitiekower-dimensional space entities may coincide. A
space entity igxtraordinaryif it has two non-overlapping spatial parts that coincide.

D19. Ord(x) =q —3x‘x* (spart(z, ) A spart(x*, x) A msov(z, x%) A scoinc(z, x*))
(z is a ordinary space entity)
D20. ExOrd(x) =4 —Ord(x) (x is a extraordinary space entity)

Extraordinary space entities occur in various situations, e.g. as hypsrgi@pace entities, as results of
taking the mereological sum of coinciding (but different) spatial bouedanr in relation with material
entities and their ability to occupy space. Imagine, for example, a solid rghdmre which is cut through
vertical at one position (both ends are in contact). The maximal materiatloyof this object occupies
an extraordinary surface region because the occupied surfacaseag both material ends are different
and coincident. Note that the material ends do not consist of substaegeart rather cognitive con-
struction of the mind. The ability to coincide is a feature of spatial and not mblexigndaries (compare
subsection 3.4.).

A

=

—

Fig. 3. Extraordinary Surface Region

4.2.2.5. Hyper-Parts We distinguish between spatial parts and spatial hyper parts. A spatiadfper
space entity has the same dimension as the entity itself. Thehiygper partis used for parts with co-
dimension greater than or equal to 1.

D21. 2dhypp(x,y) =4 V' (spart(zt,z) A Ord(z‘) — y* (spart(y,y) A 2db(z*,y*)))
(z is a 2-dim. hyper part of)
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D22. 1dhypp(x,y) =q Va'(spart(z‘,x) A Ord(z') — 3y ((spart(y',y) V 2dhypp(y‘,y)) A
ldb(z*,y)))

(z is a 1-dim. hyper part of)

D23. 0dhypp(z,y) =g Va'(spart(z‘,x) A Ord(z') — 3y ((spart(y',y) V ldhypp(y‘,y)) A
0db(z*,y')))

(z is a 0-dim. hyper part of)

D24. hypp(z,y) =ar 2dhypp(z,y) V 1dhypp(z, y) V 0dhypp(z, y)
(z is a hyper part of))

2dhypp(x,y) 2dhypp(x,y)

1dhypp(x.y) 0dhypp(x,y)

Fig. 4. Two-, One- and Zero-Dimensional Hyper Parts

The following relation is calledhyper spatial overlapThis definition and the definitions above may be
used to define arbitrary (different-dimensional) mereological sums or arititigeneral. It will be future
work to integrate such kind of entities and functions.

D25. hypsov(z,y) =q Fz'y* ((hypp(a‘,x) V spart(z‘,xz)) A (hypp(y',y) V spart(y,y)) A
scoine(z,y'))

(hyper spatial overlap)

hypsov(x,y)

Fig. 5. Hyper Spatial Overlap (Line and Cylinder)

4.2.2.6. Inner and Tangential PartsAn inner part of a space entity is a spatial part which does not
have hyper parts which coincide with spatial or hyper parts of the maximaidary ofz. In case of
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boundaryless entities we decided to call all spatial parts inner parts. Weddfiee tangential part in terms
of inner part:®
D26. inpart(x,y) =qr spart(zx,y)A\(—3z sb(z,y)VIz (maxb(z,y)A\Vz'z* (hypp(z*, x)A(hypp(z*, 2)V
spart(z*, z)) — —scoinc(x*, z*))))
(x is a (equal dimensional) inner partgf
D27. tangpart(x,y) =q4 spart(x,y) A —inpart(z,y) (xis a (equal dimensional) tangential party)f

4.2.2.7. Connected EntitiesSpatial Connectedness is an important distinguishing feature of space enti-
ties. We present three different types of this concept, namely two-, and-zero-dimensional connect-
edness. The basic idea of our definitions is that a connected spaceaeontitynot be divided into two
non-overlapping equally dimensional parts y and z (for spartition) such that all boundaries (respec-
tive hyper parts) of y, andz* of z do not coincide. In a more positive way one may say, or equally
characterize, that each partition has to have at least two coinciding aeesdrespective hyper parts).
D28.2DC(x) =g SReg(x) A ~3Jyz (eqdim(y, z) A sum(y,z,x) A ~sov(y, z) A Vy'z' (2db(y‘,y) A
2db(z*, z) — —scoinc(y', z*)))
(x is 2-dim. connected)
D29.1DC(x) =g (SReg(z) V 2DE(x)) A =3yz (eqdim(y,z) A sum(y,z,x) A —sov(y,z) A
Vy'z* (1dhypp(y',y) A 1dhypp(2*, 2) — —scoinc(y', 2°)))
(x is 1-dim. connected)
D30. 0DC(x) =g (SReg(x)V2DE(x)V1DE(x))A—=3yz (eqdim(y, z) Asum(y, z,x) A—sov(y, z) A
Vy‘z* (0dhypp(y',y) A Odhypp(2, 2) — —scoinc(y’, 2°)))
(z is 0-dim. connected)
D31. C(x) =4 2DC(z) v 1DC(x) vV 0DC(x) V 0D(x) (« is connected)

0D(x) is a point region without proper parts (compare definition D37). The fafigdigure 6 illustrates
the three different types of spatial connectedness.

x W ~~
2DC(x) 1DC(x) 0DC(x)

Fig. 6. Spatial Connectedness

Two space entities are connected if their mereological sum is connectésl tiNd we will link the
existence of mereological sums to equal-dimensional entities (axiom A15).

D32. c(x,y) =qr Iz (sum(x,y,z) A C(z)) (x andy are connected)

D33. exc(x,y) =g c(x,y) A ~sov(z,y) (x andy are external connected)

5Note that there are several possibilities to introduce inner and tangentizl @ae may check that the alternative definition
tangpart‘(z,y) =q spart(z,y) A Iz(mazb(z,y) A hypsov(z, z)) specifies the same concept with respect to our axiomati-
zation.
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4.2.2.8. Entities classified by Connectednesdmost all space entities occupied by material entities are
connected. Note that the following definitions are just a small choice of afliple definitions. If neces-

sary one may define for instance space regions that are one- adimeeasional connected like in figure
6.

D34. Top(x) =45 SReg(x) N 2DC(x) (x is a topoid)
D35. 2D(x) =4 2DE(x) N 1DC(x) (« is a surface)
D36. 1D(z) =4 1DE(x) AN0ODC(x) (zisaline)
D37.0D(z) =4 0DE(x) A =3y sppart(y, x) (x is a point)

The following figure shows the occupied space entities of a tedoppif), the landscape of Germany
(surfacg and a written wordline).

Fig. 7. Topoid, Surface, Line

4.2.2.9. Connected Componentl a space region is not connected we may assign a unique number of
connected components/e will define three different versions of this term. They differ in theidetying
space entities (“building blocks”) that are counted. We will give thesenitieins for space regions but
note that it is possible to generalize them for lower-dimensional entfies.

D38. 1CC(z) =4 SReg(x) N2DC(x) (= has one 2-dim. connected component)
D39. 1CC‘(x) =g SReg(xz) N 1DC(x) (x has one 1-dim. connected component)
D40. 1CC*“(x) =g SReg(x) N0DC(x) (= has one 0-dim. connected component)

Now we define inductively the notion of:“consists o, 3, ..., n connected components”.
D41. nCC(z) =4 SReg(x) A(N}Z]! ~iCC(x)) ATy (z = sump (1, ..., 20) AN, TOC () A
/\1§z‘<j§n =500 (i, T;5)))
(z has n 2-dim. connected components)

D42. nCC(x) =gqr SReg(z) AN} ~CC () A3y .c.wp (sump (21, ooy Tpy @) ANy 1CC (1)) A
(A1§i<j§n —s0v(x;, T;5)))

(z has n 1-dim. connected components)

D43. nCC“(x) =gr SReg(x)AN(A]Z) =iCC“(2)) ATz e (sump (21, ..oy Ty 2) ANy 1CC (7)) A
(A1§i<j§n —s0v(x4, 5)))

(z has n 0-dim. connected components)

180ne has to take into consideration that lower-dimensional entities may la@ditrary and the question arises how to count
these entities. That means there are more possibilities to define connaeetedrents for lower-dimensional entities.
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—

‘ X
4CC(x), 5CC(x),
4CC'(x), 1CC'(x),
1CC" (%) 1CC" (%)

X

)

&¢

5CC(x), 4CC'(x), 3CC(x)
Fig. 8. Connected Components

The figure 8 illustrates the different concepts of connected componergaragraph 4.2.4.5. we will
prove an elemental relation between these three different types ofa@ednomponents, the so-called
CC-inequality

4.2.2.10. Touching AreasThe occupied topoids of a hand and a table (for short, topgidand
topoid.pe) are extern connected if you put your hand on a table. We want to diggmdpetween the
touching area of the topajgl,.4 related to the topoigdy,. and the touching area of the topgigl. related to
the topoid,.,.q. That means our definition of a touching area takes into consideration thiel wfpihich
it is a boundary. The two-dimensional touching area of the topgidrelated to the topoigy,. belongs
to the topoid,,q and vice versa. The former is exactly the two-dimensional spatial boymtaupied
by the palm of hand (“material” boundary). By choosing this definition thehig area relation is not
symmetric (toucharea(x,y¥ toucharea(y,x)) but we can show that for every touching area ofdxyan
exists a coincident touching area of y and x as expected.

Note that it is possible to define a symmetric touching area relation, e.g. mapablagm of their co-
incident boundaries or hyper parts. The price of symmetry is the loss obtien of belonging. Further-
more, in case of two-dimensional touching areas we lose the ordinarinthese entities.

D44. 2dtoucharea(z, y, z) =g exc(y, z) A 2dhypp(z,y) A Ju (2dhypp(u, z) A scoinc(z,u))

(z is a 2-dim. touching area gfrelated toz)
D45. 1dtoucharea(z,y, z) =g exc(y, z) A ldhypp(z,y) A Ju (1dhypp(u, z) A scoinc(z,u))

(z is a 1-dim. touching area gfrelated toz)
D46. Odtoucharea(x,y, z) =4 exc(y,z) A 0dhypp(z,y) A Ju (0dhypp(u, 2) A scoinc(x, u))

(z is a 0-dim. touching area gfrelated toz)
DA47. toucharea(x,y, z) =g 2dtoucharea(x,y,z) V ldtoucharea(x,y, z) V Odtoucharea(x,y, z)

(touching area relation)

D48. max2dtoucharea(x,y,z) =4  2dtoucharea(x,y,z) N Vx* (2dtoucharea(z',y,z) —
spart(z, x))

(maximal 2-dim. touching area relation)
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DA49.

D50.
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maxldtoucharea(x,y,z) =q ldtoucharea(x,y,z) N Va' (ldtoucharea(x',y,z) —
spart(z‘, x))

(maximal 1-dim. touching area relation)

maz0dtoucharea(x,y,z) =g Odtoucharea(x,y,z) A Va' (Odtoucharea(x',y,z) —
spart(z,x))

(maximal 0-dim. touching area relation)

ldtoucharea(y",y,x)

1dtoucharea(x",x,y)

Fig. 9. One-Dimensional Touching Areas (Tori)

4.2.2.11. Cross-entitiesThe following space entities are special kinds of extraordinary entitiesa§a ¢
of n > 2). We will call themn-cross-pointsn-cross-linesor n-cross-surfacedecause they usually appear
if two space entities interpenetrate or cross each othernHtands for a-fold non-overlapping division
with certain properties of the cross-entity (compare definitions) and we aliltree n of a n-cross-entity
x the cardinality of x.

Imagine a five-way crossing and further that the streets are lines. Ewvery, has an ending point;*
(at the cross-road). All ending points are pairwise distinct and coinveideeach other. The mereological
sumz of all ending points §ums(x1‘, x2, x5, 24°, x5, x)) is an example of &-cross-point. It can be
proven that a-cross-point is nen-cross-point fon = m (uniqueness) and furthermore ifiacross-point
x is coincident with an-cross-pointy, then it must bex = m (see theorem T34). This theorem underly
the intuitive notion of the compatibility-aspect of coincidence.

X
X2 i
X1
e
X,

X
X, 5

Fig. 10. A 5-cross-point (Crossroad)

D51. equ(xl, veuy xn,ml‘, ...,:L'n‘) =df (/\1§i<j§n ZT; 7& .%'j A a;i‘ 7& .%'j‘) VAN (\/UESn /\?:1 T; = xa(i))

(pairwise equality)
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The set theoretical notation of definition D51{i8;, ..., x,} = {z1°,...,z,‘} and|[{z1, ..., zp}| = n.
“S,,” denotes the symmetric group which consists of all permutatioosthe setX = {1, ...,n}.
D52. CrossODBy(x) =g Fv1..an (sumn(@1,...;zn,2) A N2 0D(2i) A Njcicjcn @i # 5 A
scoinc(z;, ;)
(z is an-cross-point)
The definitions of ar-cross-line and a-cross-surface are slightly different tecross-points. At first
we require explicitly that the division consists of ordinary lines or sudaespectively. Note that the

ordinariness of points is implicitly given by definition. Furthermore we guaeiby definition that the
cardinality of cross-lines or cross-surfaces is uniquely deterrihed.

D53. CrosslDB,(z) =g  3r1..xp (sump(z1,...,x0,2) A Alq1D(x;)) A Ord(z;) A
/\1§i<j§n —sov(zi, ) A scoine(zi, xj)) A /\?;11 —CrosslDE;(x)
(z is a n-cross-line)
D54. Cross2D By, (x) =4 Ary...xn  (sump(z1, ..., Tp,x) A /\?:1 2D(x;) AN Ord(x;) A
/\1§i<j§n —sov(x;, x5) A scoine(x;, xj)) A /\?:_11 —Cross2DE;(x)
(x is a n-cross-surface)
The following definitions play an important role by the analysis of mereotopabglemantary equiv-
alence (compare subsection 5.2.). Assuming that the crossroad in fijisrdelnoted by we may express
thaty possess &-cross-pointe by cross0db,, (z, y).
D55. crossOdby, (z,y) =g 3z1..xpy1-.Yn (sump(z1,...;zn,2) A A, 0D(x;) A 1DE(y;) A
spart(yi, y) A sb(xi, yi) A Ni<icjcn @i # 5 A scoine(xi, x;) A =s00(yi, ;)
(z is a n-cross-point of)
D56. crossldb,(z,y) =g 3z1..2py1-.Yn (Sump(z1,....zp,2) A Ay 1D(x;) A 2DE(y;) A
spart(yi, y) A sb(x;, y;) A Ord(x;) A /\1§i<j§n scoinc(xi, xj) A ~sov(x;, x5) A ~sov(ys, yj)) A
/\?;11(ﬂﬂxl‘...xi‘yl‘...yi‘ (sumi(x1’y ..., zi, x) A Npeq 1D(x') A 2DE(yi') A spart(yk',y) A
sb(xk', yp') A Ord(zk') A /\1§k<l§z‘ scoinc(xy*, 1) A msov(zy, ') A —sov(yk', yi')))
(z is a n-cross-line of)
D57. cross2dby(z,y) =g Fri..xpyi.Yn (sump(zi,...,zn,2) A A 2D(x) A Top(y:) A
spart(yi, y) A sb(x;, y;) A Ord(x;) A /\19‘<an scoinc(xi, xj) A ~sov(xy, x5) A ~sov(ys, yj)) A
/\?:_11(ﬁEI:cl‘...ati‘yl‘...yi‘ (sumj(z1’, ...,z ) A Nj—q 2D(zi) A Top(yr') A spart(yk,y) A
sb(zk', yr') A Ord(xg) A /\1§k<l§i scoinc(xy, 1) A —sov(zk, 1) A —sov(yr', yi')))
(z is a n-cross-surface g

4.2.3. Axioms

4.2.3.1. Partial Ordering and Equivalence Relatioffhe spatial part - relationsatisfies the conditions
of a partial ordering. This assumption is a common basis of any comprebaessitial theory (compare
subsection 3.3. for further informations).

Al. Vx spart(z,x) (reflexivity of spatial part)
A2. Vxy (spart(x,y) A spart(y,z) — = =y) (antisymmetry of spatial part)
A3. Vzyz (spart(xz,y) A spart(y, z) — spart(z, z)) (transitivity of spatial part)

"Up to now it is an open question whether the last conjtmzﬁ:fl1 —Crossl/2DE;(z) is deducible or not. This is part of
future work.
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Two spatial boundaries are coincident if and only if they are co-locatedcampatible (see axioms
A25, A34 and A36 for further compatibility-aspects). We stipulate that thiectdence relation as an
equivalence relation on every class of lower-dimensional space entities.

A4. Vz (LDE(x) — scoinc(z,x)) (reflexivity of spatial coincidence)
A5. Vxy (scoinc(x,y) — scoinc(y, x)) (symmetry of spatial coincidence)
AB. Vzyz (scoinc(x,y) A scoinc(y, z) — scoinc(x, z)) (transitivity of spatial coincidence)

4.2.3.2. Supplementation, Atomicity, Least and Greatest Elenidateological systems differ in their
basic assumptions about supplementation, atomicity and the existence ofa Eegstatest element. We
will postulate the so-calledtrong supplementation principle (SSR)claims that if a space entity fails
to be a spatial part of another space entitpan there is a spatial partof y that does not overlap with.

A7. Vzy (=spart(y,x) — 3z (spart(z,y) A —sov(z, x))) (SSP)

An atomic space entity is an entity without spatial proper parts. We postulat¢htieat, two- and
one-dimensional space entities always have proper parts. Note thakithis eonstitute a fundamental
difference between spatial and material entities because it is reasonasieutoe that there are atomic
material entities.

A8. Vx (-0D(z) — Iy sppart(y, x)) (no atomic topoids, surfaces or lines)

We exclude the existence of a least element that is a spatial or hyperf gpaerg other space entity.
Furthermore we postulate that every space entity is embeddable in a topoid.

A9. —3aVy (spart(z,y) V hypp(z,y)) (no least element)

A10. Vz3y (Top(y) A (sppart(x,y) V hypp(x,y))) (embedding postulation)

4.2.3.3. Existence of space entities and Mereological Functidnsorder to avoid a trivial theory we
assume that the class of zero-dimensional space entities is not empty. &ttioiemwith theembedding
postulationA10 and axioms A12, A13, A14 one may prove that the other three classgace entities
are not empty, too. Furthermore, we claim that space regions are the lagly af space entities that
necessarily possess a spatial bound&in case of surfaces and lines we claim the existence of hyper
parts®®

All. 3z 0DE(x) (existence of a point region)
Al2. Vz (SReg(x) — Jy sb(y,x)) (existence of boundaries)
Al3.Vz (2DE(z) — 3y 1dhypp(y, x)) (existence of hyper parts)
Al4. Vz (1DE(x) — Jy 0dhypp(y, x)) (existence of hyper parts)

The following three axioms claim the conditional existence of the standardofogreal functions.
Note that we restrict the existence of the mereological functions to equahsiomal entitie?.

18A closed line for instance obviously does not have a boundary.

1%gpatial boundaries can be considered as particular hyperparts. Motaetset of hyperparts of a space entity is different
from the entity itself.

201t is future work to integrate mereological sums, intersections and relatimplements of different-dimensional space
entities.
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A15. Vzy (eqdim(x,y) — 3z sum(x,y, 2)) (existence of mereol. sum)
Al6. Vzy (sov(x,y) — 3z intsect(x,y, z)) (existence of mereol. intersection)

Al7. Vzy (—spart(y, z) A eqdim(z,y) — Iz rcompl(x,y, z)) (existence of mereol. rel. complement)

We postulate the existence of a maximal spatial boundary of a space entitadf dttheast one spatial
boundary. The same holds for the maximal variant of two-dimensional itogieineas.

Al8. Vzy (sb(x,y) — Jz* mazb(z*,y)) (existence of maximal boundary)

A19. Vzyz (2dtoucharea(z,y, z) — Jx* max2dtoucharea(x’,y, z))

(existence of maximal 2-dim. touching area)
4.2.3.4. Disjoint Classes of space entitieShe domain of space entities is divided into four pairwise
disjoint classes: space regions, surface regions, line regions camdg@gions. Any of these regions are
considered as entitiesli generis hence, a higher-dimensional space entity cannot be captured by a set

lower-dimensional entities. In particular, a space entity cannot be denilyadescribed by the set of its
of hyperpartg!

A20. Vz (LDE(x) <> =SReg(x)) (lower-dim. entities and space regions are mutually exclusive)

A21. =3z (2DE(x) N1DE(x))V (2DE(x) NODE(x)) V (1DE(z) ANODE(x))
(three disjoint classes)

4.2.3.5. Domain of Primitive RelationsThe following three axioms specify necessary conditions for the
dimensions of space entities being arguments of basic relations.

A22. Yzy (spart(z,y) — eqdim(x,y)) (domain of spatial part)
A23. Vzy (scoinc(x,y) — LDE(x) A eqdim(z,y)) (domain of spatial coincidence)

A24. Vzxy (sb(z,y) — (2DB(x) A SReg(y)) V (1DB(x) AN2DE(y)) V (0DB(z) A 1DE(y)))
(domain of spatial boundary)

If two space entities coincide than either both are ordinary or both areoedimary. Furthermore,
we claim that a spatial boundary of an ordinary space entity must be oydina. The latter condition
expresses an intuitively accepted “regular behaviour” of ordinaageentities.

A25. Yxy (scoinc(z,y) A Ord(z) — Ord(y)) (ordinariness and spatial coincidence)

A26. Vzy (sb(z,y) A Ord(y) — Ord(x)) (ordinariness and spatial boundaries)

4.2.3.6. Dependency and Part-Property of Spatial Boundari€Ese subsequent axioms express suffi-
cient conditions for being a spatial boundary. Ordinary two- and ameqasional space entities are spatial
boundaries. Since space regions are ordinary one may easily pravextreordinary two-dimensional
space entities are not spatial boundaries. Hence, two-dimensional bpatiearies constitute a proper
subclass of space entities. Furthermore we claim that zero-dimensiditaseare zero-dimensional
boundaries. Thus, the concept of zero-dimensional entities and aonesdoincide.

2This feature is one of basic assumptions of Brentano’s theory (cenirantano (1976)).
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A27.Vz (2DE(x) A Ord(x) — 2DB(x)) (ordinary surface regions are spatial boundaries)
A28. Vz (1DE(x) A Ord(x) — 1DB(x)) (ordinary line regions are spatial boundaries)
A29. Vz (0DE(x) — 0DB(x)) (point regions are spatial boundaries)
A30. Vzyz (sb(y, z) A sppart(z,y) — sb(x, z)) (parts of boundaries are boundaries)

4.2.3.7. Interrelations between Spatial Parts and Spatial Coincideritéwvo space entitiesc and y
coincide than for every spatial or hyper paftof x exists a coincident spatial or respective hyper part
y* of y. Furthermore, we claim that every space entity has an ordinary spatiabgeéom A34 excludes
coincidence relations of spatial parts in case of non-coinciding hosten@ivo space entitieg andy
which do not coincide, then it is impossible to find two spatial partsndy‘, such that:* coincides with

y andy* coincides withr holds simultaneously. Axiom A35 says that if a spatial boundary of a tdiagen
part of an space entity coincides with a boundary afthan it is a boundary of the entity, too. Consider
the occupied topoids of a house and its roof (for short, topgid and topoid,, ;) (compare figure 11).
Axiom A35 claims that parts of the spatial boundaries of the topgjdare spatial boundaries of the
topoid,,.se- IN this sense, tangential parts do not generate new boundaries.

A31. Vzz'y (spart(z', z) A scoinc(z,y) — Jy* (spart(y‘,y) A scoine(y‘, x‘)))

(existence of coincident spatial parts)
A32. Vzz‘y (hypp(x*,x) A scoinc(x,y) — Iy (hypp(y‘,y) A scoinc(y‘, x*)))

(existence of coincident hyper parts)
A33. Vz3y (spart(y,z) A Ord(y)) (existence of ordinary spatial parts)

A34. Vrz‘yy (spart(zt,x) A spart(y‘,y) A scoinc(x,y) A scoinc(y, ) — scoinc(x,y))
(condition for spatial coincidence)
A35. Vzziyy* (tangpart(x,y) A sb(z', x) A sb(y,y) A scoinc(z',y*) — sb(z,y))
(there are no new boundaries)

sb(x",x), sb(y",y)
scoinc(x',y")

::> sb(x',y)

X

Fig. 11. Spatial Boundaries of Tangential Parts

4.2.3.8. Sufficient Conditions for Equality and Inequalitgpatial proper parts of a space entitgannot
coincide with x. For surface regions we postulate a very special condiworcoinciding and overlapping
surface regions are equal. Note that this axiom can not be generalizddsipace entities. Consider
therefore theé-cross-point in figure 10. Imagine the mereological sumofandz,‘ as well as the sum
of zo* andzs‘. They overlap and coincide but they are still different. The last axiof® @l8ims that two
non-overlapping space entities do not have equal hyper parts.
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A36. Vzy (spart(z,y) A scoinc(x,y) — x = y) (condition for equality)
A37. Vzy (sov(x,y) N2DE(x) N2DE(y) A scoinc(z,y) — © = y) (condition for equality)

A38. Vzz‘yy' (eqdim(x,y) A —sov(z,y) A hypp(z, ) A hypp(y',y) — x=* #y*)) (disjoint hyper parts)

4.2.3.9. Space Regions and (Non)-Overlapping Paiftbe following axiom A39 seems to be rather arti-
ficial. We present an example (figure 12) to make clear that this axiomspames to our visual experi-
ence. Imagine that you carry out a handstand on the ground G. Isibpothat there exists another object
which does not overlap with the ground G and which is in contact with yomgiaAxiom 39 excludes

such a possibility.
@ @
\

Fig. 12. Handstand lIllustration

A39. Vaz'yy'zz (—sov(x,y) A z¢ # y* A 2db(x,x) A 2db(y,y) A 2db(z*, z) N scoinc(z',y*) A
scoinc(xt, z*) — Jp (spart(p, z) A (spart(p,z) V spart(p,y)) A 2db(z‘,p)))
(a third space region with a coincident boundary has to overlap)

The last axiom A40 is very natural. If we have two different overlapgipgce regions with coincident
boundaries than we may find a spatial part of one of the space regiontheiame boundary that does
not overlap with the other.

A40. Vzziyy (sov(z,y) A x* # y* A 2db(z',x) A 2db(y‘,y) A scoinc(x*,y) — Jz ((spart(z,z) A
—sov(z,y) A 2db(x*, 2)) V (spart(z,y) A —sov(z, x) A 2db(y*, z)))
(existence of a non-overlapping part)

4.2.4. Theorentd

4.2.4.1. Identity Principles Two space entities are identical if and only if they have the same spatial
parts (theorem T1) and if and only if they are parts of the same entities €tiheli2). These two principles
follow from the reflexivity and the antisymmetry of spatial part relatspart The third principle says
that two entities are identical if and only if they have the same proper padsr assumption that at least
one of these entities has proper parts. This theorem is a standard rbatitfallows from the strong
supplementation principle A7, and the ground mereology A1,A2,A3.

T1. Vay (Vz (spart(z,x) <> spart(z,y)) <>z =1y) (First Identity Principle)
T2. Vay (Vz (spart(z, z) <> spart(y, z)) <>z =1vy) (Second Identity Principle)

T3. Vay (3z° (sppart(z‘,x) V sppart(z*,y)) — (x =y <> Vz (sppart(z, z) <> sppart(z,y))))
(Third Identity Principle)

2\We will present only a few choice of theorems. Most of the (prelimin@rgpfs are omitted and only the main results are
sketched.
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4.2.4.2. Uniqueness Conditions for Mereological Relatioi$ie standard mereological relations as well
as the maximal spatial boundary relation and the maximal touching area relgsditisfg certain unique-
ness conditions. These conditions state that one argument of the cedsielations functionally depends
on the other arguments. The proofs of theorems T4 - T6 require the Siypmglementation Principle
and the First Identity Principle. The other theorems T7 - T10 can be easilyrsby applying axiom A2
(antisymmetry of spatial part).
T4. Vez‘zy...xy (sumy(x1, ..., Tp, ) A sSump (1, ..., Tp, °) = x = x°)
(uniqueness of mereol. sum)
T5. Vax'zy...xy (intsecty (21, ..., Tn, ) Aintsecty (21, ..., Tp, ') = © = )
(uniqueness of mereol. intersection)
T6. Vzz'zy...xp (recomply(x1, ..., xyn) = x A rcomply (21, ..., Tp,x*) = & = z°)
(uniqueness of mereol. relative complement)
T7. Vax'y (mazxb(z,y) A mazb(z',y) = x = x*)
(uniqueness of maximal spatial boundary)
T8. Vax'yz (max2dtoucharea(z,y, z) A max2dtoucharea(x’,y, z) = = = x*)
(uniqueness of maximal 2-dim. touching area)
T9. Vax'yz (maxldtoucharea(z,y, z) A maxldtoucharea(x',y,z) — = = x*)
(unigueness of maximal 1-dim. touching area)
T10. Vzz'yz (max0dtoucharea(z,y, z) A maxOdtoucharea(x’,y, z) — = = x*)

(unigueness of maximal 0-dim. touching area)

4.2.4.3. Generalized Embedding Theorefxiom A10 (embedding postulation) states that every space
entity has a “framing topoid”. We now prove that two arbitrary space entjiessibly with distinct di-
mensions, always have a conjoint framing topoid. From this follows thag th@not exist distinct parallel
universes. The following figure illustrates the generalized embeddingeiimeo

exists a fram-

ing topoid z
B

& @

Fig. 13. No Parallel Universes

The proof of the generalized embedding theorem uses the following thiere, technical, theorems and
a so-calleccompatibility-upwards-theorem

T11. Vayz (2dhypp(z,y) — 2DE(x) A SReg(y)) (range of 2-dim. hyper part)
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T12. Vzyz (1dhypp(z,y) — 1DE(z) A (SReg(y) V 2DE(y))) (range of 1-dim. hyper part)
T13. Vayz (0dhypp(x,y) — 0DE(x) A (SReg(y) V 2DE(y) V 1DE(y))) (range of 0-dim. hyper part)

T14. Vzyz (hypp(z,y) A spart(y, z) — hypp(z, 2)) (compatibility-upwards-theorem)

> M=

hypp(x.y), spart(y,z) hypp(x,2)
Fig. 14. Compatibility Upwards

T15. Vay3z (Top(z) A (sppart(z, 2) V hypp(z, 2)) A (sppart(y, z) V hypp(y, z))

(generalized embedding theorem)
Proof: with axiom A10 (embedding postulation) we infer the existence:‘chnd y‘ with the property
Top(z*) A (sppart(x,z‘) V hypp(x, z*)) andTop(y‘) A (sppart(y,y) V hypp(y, y*)); consider now the
mereological sum‘ = sum(z‘, y*); by definition D3 of the mereological sum and domain restriction of
spatial part one may easily prove ttf&Reg(z¢) holds; thusspart(z*, z*) A spart(y‘, z*); applying axiom
A10 we get the existence of z withop(z) A sppart(z‘, z); now by transitivity of spatial part and the
compatibility-upwards-theorem we getppart(x, z) V hypp(z, z)) A (sppart(y, z) V hypp(y,z)) O

4.2.4.4. Spatial Connectednesh this section we prove that higher-dimensional spatial connectedness
implies lower-dimensional spatial connectedness. The proofs requifelkbwing three preliminary re-
sults.

T16. Vay (2db(x,y) — 2dhypp(x,y)) (spatial boundaries are hyper parts)

T17. Vayz (spart(z,y) A hypp(y, z) — hypp(z, 2)) (compatibility-downwards-theorem)

5—»

spart(x,y), hypp(y,z) hypp(x,2)

Fig. 15. Compatibility Downwards

T18. Vayz (hypp(z,y) A hypp(y, z) — hypp(x, z)) (transitivity of hyper part)
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.
)

hypp(x,y), hypp(y,z) hypp(x,2)
Fig. 16. Transitivity of Hyper Part

T19.Vz (2DC(x) — 1DC(x)) (2-dim. connectedness implies 1-dim. connectedness)

Proof: reduction to the absurd; assuBC(z) A =1DC(x); by definition D28 (2-dim. connected) we
concludeS Reg(z); by definition D39 (1-dim. connected) exists a divisioryiandz with eqdim(y, z) A
sum(y, z) = x A —sov(y, z)(*¥) and, furthermoreall one-dimensional hyper parts y’ of y and z’ of z

do not coincide(+); using definition D28 (2-dim. connected) again, we conclude thaiadlidns which
fulfill (*) have to haveu, v with 2db(u, y) A 2db(v, z) A scoinc(u, v); consequenth2DB(u) A 2D B(v)
(definitions D11, D14) and thuDE(u) A 2DE(v) (definition D6); by the preliminary theorem T16,
2dhypp(u,y) A 2dhypp(v, z) holds; with A14 (existence of hyper parts) abf F(u) we get the exis-
tence ofu‘ with 1dhypp(u‘, u) and by A32 (existence of coincident hyper part) we deduce the exéstenc
of v* with 1dhypp(v,v) and scoinc(u‘,v*); because of theorem T18 (hyper parts of hyper parts) we
inferldhypp(u‘,y) A 1dhypp(v‘, z); this contradicts (+) because and v* are one-dimensional coinci-
dent hyper parts of y and z a

T20.Vz (1DC(xz) — 0DC(x)) (1-dim. connectedness implies 0-dim. connectedness)

4.2.4.5. CC-inequality The following inequality illustrates the interrelation between the different types
of connected components in a compact way. The inequality is a summary ottirertiis below it.

T21.Vx (nCC(z) NkCC () NICC“(z) > n >k >1) (CC-inequality)

First of all we have to guarantee that the number of connected compasemigiue. The uniqueness
follow immediately by definition (compare D41, D42, D43).

T22. Var (nC’C(w) = N (= )OO () AN, (0 + i)CC(:C))

(unigueness downwards and upwards)
T23. Y <nC’C‘(:1:) — N A — )OO () A NS, (0 + i)C’C‘(x))

(unigueness downwards and upwards)
T24. Yz (nC’C“(:C) = N (= )OO () AN, —(n + i)CC’“(x))

(unigueness downwards and upwards)

Now we want to prove the essential theorems for the CC-inequality. We vally ghe first conclusion
only. The second may be proved in a similar way.

T25. Vx (nCC(x) — Vi (n— i)CC‘(:c)) (general interrelation)
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Proof: using theorem T19 it is easy to see thHat(1CC(x) — 1CC*(x)) holds (+); assume nowCC(x);
according to definition D41 we conclude the existence;of. x,, with the propertyr = sumy(z1, ..., x)

A (N2 1CC(23)) A (ANi<icj<n —s0v(Ti,25)); remember that is unique by theorems above; with (+)
we deducg(\;_, 1CC*(z;)); because of the first-order-tautology: (¢(x) V —¢(z)) we know either
/\?:‘11 —iCC*(x)(*) or \/;‘:_11 iC'C‘(z)(**) holds; hence, in case of (*) we getC'C‘(x) (compare defini-
tion D42); in case of (**) we geY//—; iCC*(x) m

T26.Vx (nC’C‘(a:) — \/?;Ol(n - i)CC“(x)) (general interrelation)

4.2.4.6. Limited Cardinality of Coincident Surfacef this subsection we will prove some limitation
results for surface regions, in fact the non-existence of three ceintaddinary surface regions as well as
the non-existence of two coincident extraordinary surface redgioAsfirst we have to prove the so-called
equal-spatial-part-condition

T27.Vzyz (Ord(z) A spart(z, z) A spart(y, z) A scoinc(z,y) = x = y)
(equal-spatial-part-condition)

Proof: reduction to the absurd; assumeZ y ; by theorem T1 (1. identity principle) we conclude w.l.0.g.
dz¢ spart(x,z) A\ —spart(z‘,y); with axiom A7 (SSP) we gellz“ spart(z“,x‘) A —sov(z“, y)(+);

by transitivity we concludespart(z“, x); furthermore, by axiom A31 (existence of coincident spatial
parts) we derivedy“ spart(y“,y) A scoinc(z“,y*); the ordinariness of and definition D19 justifies
sov(xz“, y*); hencesov(x“, y) (contradicts (+)) becausg is a spatial part of O

T28. —3z12973 (/\f’:1 2DE(x:) A Ord(x;) A \i<icj<s Ti # Tj N scoine(w;, x])>

(no three coincident ordinary surface regions)

Proof: reduction to the absurd; we assume the existenag of,, x3 with the described properties; with
axiom A27 (ordinary surface regions are spatial boundaries) WA%QIQDB(%); hence, by definition
D11 the existence afy, y2, y3 With /\f’:1 SReg(y;) A sb(zi, yi);

1%t case: assumesov(y1,y2); W.l.o.g. we infer the existence of with the propertyspart(p,ys) A
spart(p,y1) A 2db(xs,p) (compare axiom A39); furthermore, by definition D26 and D27 we deduce
tangpart(p,y1) (and consequentlyinpart(p,y1)) becauser; andxs are coincident and the fact that
2-dim. boundaries are hyper parts (theorem T16); using axiom A35héuo boundaries) we derive
sb(xs, y1); finally, with theorem T27 we deducg = x3 (contradicts assumption) because both are coin-
cident spatial parts of the ordinary maximal boundaryofuse A18, A26 and the ordinariness of space
regions)

274 case: assumeou(yy, y2); with axiom A40 (non-overlap-condition) we deduce w.l.0.g. the existence
of y1* with the propertyspart(yi‘, y1) A —sov(y1‘, y2) A 2db(z1,y1*); compare first case O

T29.Vz (ExOrd(x) — 3xix2 (spart(z1, x) Aspart(za, x) A—sov(z1, x2) Ascoine(xy, £2) NOrd(z1) A
Ord(zs))
(existence of ordinary spatial parts)
T30. =Jx129 (/\?:1 2DE(x;) N ExOrd(x;) A 21 # x2 A scoinc(xy, xg))

(no two coincident extraordinary surface regions)

ZNote that these theorems are a very special feature of surface setforsimilar results are derivable for line and point
regions.
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Proof: reduction to the absurd;

1%t case: assumew(z1, z2); hencer; = x5 (compare axiom A37 (equality-condition))

2nd case: assumesov(xy,2); theorem T29 guarantees the existencepadnd q: spart(p,z1) A
spart(q,z1) A Ord(p) A Ord(q) A scoinc(p,q) A p # q; applying axiom A22 (domain of spatial part)
we get2DE(p) A 2D E(q); finally, with axiom A31 we conclude existencespart(r, z2) A scoinc(r, q);
this contradicts theorem T28 becauss a ordinary surface region (compare axioms A22, A23) O

4.2.4.7. Ordinariness and Existence of Touching Arel¢e want to present the most important theorems
only, namely 1. the ordinariness of two-dimensional touching areas ahe 2xistence of a coincident
touching area.

T31. Vayz (2dtoucharea(x,y, z) — Ord(x)) (2-dim. touching areas are ordinary)

Proof: reduction to the absurd; assué&oucharea(z,y, z) A ExOrd(x); by definition D44 (two-dim.
touching area) we deriverc(y, z) A 2dhypp(x,y) andJu : 2dhypp(u, z) A scoinc(x,u); according
to definition D33 (external connected) and axiom A38 (disjoint hypetspave deducer # wu; now
with axiom A2 (ordinariness and coincidence) we deieOrd(u); this contradicts the main theorem of
coincident surfaces (T30). O

T32. Vzyz (toucharea(z,y, z) — 3x* toucharea(z, z,y) A scoinc(z', x))
(existence of coincident touching areas)

4.2.4.8. Cross-entities The following results are needed to prove that the cardinality ef-aross-point
is uniquely determined. Similar results for cross-lines and -surfacesecabthined* The first two pre-
liminary results are consequences of the fact that points do not poss&tsal proper parts (compare
definition D37). Theorem T35 implies that ifracross-pointz coincides with am-cross-pointy, then

n=m.

T33.Voxy...wpi1 (sump(x1, ..., Tpyx) A (/\Z:Ll1 0D(z;)) A spart(zn41,x) = Vieq i = Tni1)
(condition for equality)
T34. Vaxy..xpzi‘xm’  (sump(z1, ..., zn,2) A sump(zi’s ..o zm'z) A (Al 0D(z)) A
(A2, 0D (i) = Nty (Vity i = ;7))
(condition for equality)
T35. Vzx..xn@1...m  (sump (21, ....zn,z) A (Aj2; 0D(z;)) A (A1§i<j§n ry  # oz A
SUMp (215 ey s ) A (AL 0D (7)) A (N1 <icjcm it # 25°) = €quT1, ooy Tny 15, o))
(condition for equality)
Proof: the pairwise inequality of1,...,x, andxy',...,z,," iS given by premise; using theorem T34 (con-
dition for equality) we deduce that each equals ac;‘ and vice versa; next, we have to guarantee that
n = m, if we assumen # m, that means w.l.o.@ < m, we infer the existence of;’, z; and xy,
with the propertyzr;* # z;' but z;° = 23, A z;° = x;, and this is a contradiction; altogether we have
equ(xb"'7l'na$1‘7"'7$mt) U

5. Classification Principles and Taxonomies of Space Entities
The classification of entities of a domain is a basic task for formal ontologhidrsection we present

principles for specifying categories and defining taxonomic hierarcloiesdace entities. The general
principles set forth in the next subsection can be applied to any domain.

2%Compare Baumann (2009) for a long series of theorems.
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5.1. General Classification Principles

Let D be an arbitrary domain whose elements are to be classified. A classificatiardéonainD is
usually based on a system of features which are attributed to the domditisseiBuch features can be
introduced in systematic way by uniformly linking every entitgf D with a relational structur§tr(e) of
a suitable signature which captures relevant constituentscofJsually, different relational structures of
different signature can be connected with an entit first-order property oé with respect to signature
o is specified by ar-sentence which is satisfied bystr(e). Let Mod, (D) the class of alb-structures
associated to the objects 6f. Let X C Sent(o) be a set ofr-sentences being closed with respect to
Boolean operations\(, \/, —).

Two entitiesey, eo are said to beX-equivalent, denoted byy =x eo, if for all sentencep € X holds
Str(e1) = ¢ & Str(ez) | ¢. A categoryC' is specified by a seX of sentences of the corresponding
signature, and’y denotes the category specified by the XetA categoryC is said to be finitary ifX
is finite. If X is finite it is logically equivalent to a sentengebeing the conjunction ak; in this case we
write Cy instead ofC'x . The instances of'; are defined as the set of allsuch thatStr(e) |= ¢. Hence,
using the instantiation relation, we may statee :: Cy if and only if Str(e) = ¢. Thus, every sentence
¢ can be understood as a category. a-relation between two sentences (as categories) is defined as
follows: ¢ is-a v if Mod(¢) N Mod,(D) C Mod(y) N Mod,(D). Let beT = Th(Mod,(D)), then
the complete taxonomic structure @f is determined by the structu(7) = (L(o)/=,,\°, V°,=°).
L(0)/=, is the set of congruence clas$gsof sentences, determined by the conditide] = {¢ | T |=
¢ <> 1}, the operations between the equivalence classes are defined as:fpllows[y)] := [¢ A ¢]; the
operationsv°, —° are defined analogously.(7) is called the Lindenbaum-Tarski algebra of the theory
T, basics on this topic are presented in Hinman (2005).

5.2. First-order Classification of Space Entities

Using the general classification principle, we firstly introduce for spatiées e relational structures
Str(e). Let beSE the class of all space entities. Depending on the thedteg), 0 < i < 3, we may
consider different relational structurg) for a space entity. The universéd/(e) for any of these struc-
tures is defined by the conditidn(e) = SPart(e)U Hypp(e), whereS Part(e) = {a | spart(a,e)}, and
Hypp(e) = {a | hypp(a,e)}. Then, the the following structures are introducgd(e) = (U(e), spart),
Ai(e) = (U(e), spart, sb), Aa(e) = (Ul(e), sb, scoinc), As(e) = (Ul(e), spart, scoinc, sb). We con-
sider in the sequel the most expressive dase’.

LetbeMods(BT) = {As(e) | e € SE}, and, T3 = Th(Mods(BT)) = {¢ | ¢ is true inMods(BT)}.
The theoryTs presents the top-category of our taxonomy, denoted, tyencee :: Cifand only ife € S€
and As(e) = T3. The theoried37 and7s are, obviously, different. The sentengg—3x(spart(y,x) A
y # x) is true inTs, though, inconsistent witl87. The complete taxonomy ©f; is presented by the
Lindenbaum-Tarski algebréd(73), this taxonomy exhibits a Boolean algebra. If we consi€Ef) as a
partial ordering, themy] < [¢] if and only if 73 = ¢ — 1. From this algebra many different taxonomic
trees of finitary categories can be extracted which cover the whole domiagmeas a taxonomic tree is
given by a subseX C U(L(T)) such tha({ X, <) is a partially ordered tree. A taxonomic trée covers
the domainU if every element oU is an instance of some sentencelof. This shows that, usually, a
domain allows many different ontologies, even, if the vocabulary, i.e. theagiualization, is the same
25

A taxonomic tre€l'r of finitary categories is definitionally complete if for every sentepdbere is a
Boolean combination) of sentences frorfi’r such that7; = ¢ < 1. A definitionally complete taxon-
omy Tax is minimal if any proper subset &fax is not definitionally complete. Definitionally complete
taxonomies are of particular interest because every finitary categtrg dbmain may specified by a def-

2In recent papers, i.e. Smith (2008), a principle of orthogonality wamsdtated. This principle claims that for every domain,
only one ontology should be admitted. This principle cannot be, in gersatified and, hence, must be rejected.
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inition which is based on the taxonomy’s categof@¥Vhich are the categories that do not allow a proper
refinement? These categories are called elementary types which aretehzed by the property that any
two instances of them are elementarily equivalent, i.e. satisfy the same smtBlementary types are
not necessarily finitary categories. If an elementary type is a finitary @atélgen this category exhibits

an atom in the structur@/(£(7)), <). There is a class of taxonomies which are linear orderings, and,
which, hence, represent the most simple taxonomic structures. It is wedlrkthat every Lindenbaum-
Tarski algebral(7") which is based on a countable signature has a complete linear orderedrtaxon
which is definitionally complete. This theorem is not yet exploited for the fatind of a general theory

of taxonomies.

The entities inM od,, (D) are considered as the standard modelg;of-rom the Loewenheim-Skolem
theorem follows thatMod(Th(Mod,(D))) # Mod,(D). Two space entitieg;, e, are said to be
mereotopologically elementary equivalent, denoted by es, iff As(e1) = As(eq), iff Th(As(er)) =
Th(As(ez)). FurthermoreMod(Th(As(e))\{e} # 0, hence, there are always non-standard models sat-
isfying the same sentences. Some simple categories can be distinguisheskdridruithe construction
of a taxonomic tree. The top category is called Space Entity, this categorgdsrged by the theory
Ts. It is not clear whether the catego€y; is finitary, i.e. whether there exists a sentegcsuch that
Mod(¢) N Mod,(D) = Mod(T3) N Mod,(D). The child nodes can be the categorspace regions,
surface regions, line regions, and point regiopace regions could be classified into connected, called
topoids, and non-connected space regions. Since we introduceih ¢eveaiants pertaining to the con-
nectedness properties, we may the non-connected space entities ¢lais#fly with respect to these in-
variants.

Elementary equivalence is an equivalence relation like isomorphism betweestructures, though,
elementary equivalence is weaker than isomorphism in the sense that ibisnoimplies elementary
equivalence between two structures and not vice-versa. The ratiangdersQ and the real numbers
R with the usual less than<” are elementary equivalent but obviously not isomorphic. The following
ordinary connected lines andy are boundaryless and have exactly two 4-crosspoints. Is this set of
conditions sufficient for elementary equivalence?

Fig. 17. Satisfying the Set of Conditions

To show that they are not elementary equivalent we have to find a forgnuligh the propertyy <
Th(Asz(z)) andg ¢ Th(As(y)). We observe thatis identical to the mereological sum of two “circlé$”

Z8Minimality is an important condition to exclude trivial solutions.
?"Note that the term “circle(x)” may be formalized by a finite set of conditienspace entity is a circle if it is a line, it is
ordinary, connected, and has no boundaries and no 3-crosspoint.
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X‘
X\ \ y y
X‘ AYAY
x=sum(x',x"",x"") y=sum(y",y"")

Fig. 18. Division in Circles

Hence we found a distinguishing senterce
¢ =def Jxx132(circle(xr) Acircle(xe) A\ msov(xy, x2) Asum(zy, x2) = v A—-Jy(spart(x,y) \y # x))

6. Applications

The interpretation of what it means to apply a formally axiomatized ontologysniegther explana-
tion. The notion of an application of a theory admits various interpretationsedryhcan be applied to
another theory, and if these theories are located at the same level afctibstrwe call them horizontal
applications. But often application of a theory is understood in the vertigadtebn, from the abstract to
the concrete. The idea of a network of application links between areafferedt levels of abstraction
was formulated in the programmatic paper Mises (1921). Mises claims thathrasoetwork every rel-
evant level of abstraction must be present, otherwise the progresigents and its applications will be
hampered.

The axiomatized ontology of space of the current paper, called har&f®-Space, is intended to
be applied in horizontal as well as in vertical direction. One aim of GFG:&mathe development of a
foundation for central categories which are included in every top lextelagy. An ontology of space must
be used to establish and formally axiomatize the domain specific knowledgeasfiarwhich space plays
an important role. In the following subsections we explore some possibilitissasf applications. We
hold that foundational research should uncover and introduce nes,iddereas technical applications
should be grounded on a clear and well-established conceptuafdasis.

6.1. GFO-Space and Horizontal Applications

GFO-Space is a contribution to the research area of top level ontologienéaral. An ontology of
space is a necessary prerequisite for the development of an ontologt@fal objects, whose modelling
and representation leads to a number of more practical applications. \lideoa number of applications
on the level of top level ontologies and of foundational research.

GFO-Space, extended by the ontology of material entities, closes somefgtggscurrent theories
of boundaries. In the papers Smith and Varzi (2000) and Casati arzil (£999) on boundaries - the
expounded ideas are called hereafter Casati-Smith-Varzi approaiststated, that bona fide boundaries
cannot be in contact. This is not plausible, and this statement, which in parfigildavs from the axioms
presented in Smith and Varzi (2000), was criticized in Heller and Herr@4R®erre et al. (2007), Herre
(2010a), Ridder (2002) and Kachi (2009). Kachi describes fueeles, derived from the theory of Casati-

ZHamming (1997) "In science, if you know what you are doing, yowsthaot be doing it. In engineering, if you do not know
what you are doing, you should not be doing it."
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Smith-Varzi, which cannot be solved within their framework. The statedlpszze calledPuzzle of Inner
Boundary Puzzle of FissionandPuzzle of CollisionAll these problems have a clear solution within
GFO-Space framework. The solution that GFO-space provides is lomsadclear distinction between
material boundaries and space boundaries. Boundaries of diffeatume cannot coincide, coincidence
can only be realized for space boundaries. Two natural boundhg@sy always material boundarfés
are in contact if the corresponding occupied space boundaries amincid

We believe that a new theory should additionally be evaluated with respeet poténtial to raise new
research problems, to provide new insights, and to open new reseadsh fisually, such features are
considered as criteria for progressing theories in the sense of LgR&08), in contrast to degenerating
theories. We are convinced that GFO-Space provides a potential ohterasting research problems, and
collect some examples.

New research topics arise from the ideas indicated in section 3.6. GR&-8&p&y contribute to the
foundation of space cognition. The phenomenal space can be catsaiea formal frame for the organi-
zation of sense data spaces. It turns out that the sense data sgabislgferent metrics which should be
introduced for the phenomenal space. How these different metricsecantrbduced for the phenomenal
space in such a way that efficient transformations between them caallzed® If, for example, visual
space is not Euclidean, but motor experience is, the mind needs a traastor of visual information
into motor control.

Furthermore, GFO-space provides an explanation of the origin of thalkmdfiat boundariesWe state
the hypothesis that the ability of human minds to draw fiat/arbitrary boundarmsgih a material object
uses the phenomenal space which is accessible by introspection. Istisésiir such a boundary is drawn
in the phenomenal space occupied by the material object, whereas in tinel step a material boundary
of the object is extrapolated and, if possible, realized, which occupiafrdinen space boundary.

A further insight is the fact that the application of topological notions to matebigcts is of limited
benefit/use only. Topological notions should be applied mainly to the phenopemne) space, they are
not adequate for material objects and, hence, for the visual spacexanple is an adequate notion of
material connectedness, which differs from topological connectednes

Another problem concerns the species of space entities. We believe that field difficult and deep
problems occur, related to the question to find a finite system of invariamsifigg in the language indi-
cated in section 5.) to characterize some of the topological basic entitiesathsoa & (three-dimensional)
torus.

Finally, we emphasize the need for a formal axiomatization of an ontologyhwhakes it accessible
for computer processing. We hold that one of the core topics in formalamytds the axiomatization
of the knowledge of a domain. The development of an adequate axiomatipétiba knowledge for a
particular domain is one of the most difficult problems for an ontologist. Thisageh is inspired by
Hilbert's axiomatic method and the ideas of Hilbert's programme, Hilbert (1Hi®)ert (1929), Hilbert
and Bernays (1934), Hilbert and Bernays (1939). We hold that tlieses should be included in the
research field of formal ontology. The presented system of axioms is inititsl istage and must be
extended by adding further non-trivial axioms to capture the structuteegfhenomenal space.

6.2. Anatomical Information Science

In Smith (2005) the authors outline ideas on the development ahatomical information science
Such a science can be related to FMA (Foundation model of anatomyjdseeMA comes in the form of
an ontology of its object domain, comprising some 1.5 Million statements of anatomiatbnal links,
and among 70 000 anatomic concepts. FMA does not represent sorife gmetion of spatial reality, but
rather the idealized human being. The authors in Smith (2005) claim that thegntbeing implicitly
represented by the FMA, can serve as the basis for a new type of smmaca information science.

2Note, that the notion of natural boundary or bona fide boundary ¢drapplied to space boundaries. The origin of the
problems in the Casati-Smith-Varzi approach is, we believe, the lack lefaa distinction between pure space boundaries and
material boundaries.
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Obviously, such anatomical information science must be grounded oresecdland consistent ontology
of space and of material objects.

Four upper-level categories are present in FNMAatomical structurgwhich is a subclass of material
structures in GFO)anatomical substanc@vhich has a counterpart in GFO, to@apatomical spacand
anatomical boundaryFurthermore, a number of relations are introduced. Body spacestar@liced as
immaterial anatomical entities (cavities, orifices, conduits). They are distimggifsom spatial regions in
that they are parts of organisms. Unfortunately, basic concepts, agdorple, the concept of anatomic
boundary are insufficiently grounded, as indicated in section 6.1. Headeus basic notions introduced
in Smith (2005) must be to some extent revised. Here, the following notiors$ aeww foundation:
anatomical structure, bona fide and fiat boundaries, partitions, ceumess and continuity, location and
containment, holes and parts, and immaterial anatomical entity. Another asgextconsidered is the
weakness of the current axioms in this field. According to the axiomatic mephioaitive notions must
be described axiomatically. Without relevant axioms about the primitive notohstrivial sentences
can be proved about them, as indicated by Heller et al. (2004). In swely,aGFO-Space is intended to
contribute to the further development of anatomical information science.

6.3. Geographical Information Science

In the paper Goodchild (1992) ideas on principles @eographical Information Sciendbereafter de-
noted by GIS) are discussed that preserve their actuality. In partibel@mphasizes that there is a press-
ing need to develop the role of science in the sense of foundationaleckseahe area of geography.
Goodchild distinguishes eight areas of research, some of them are imrhedi&ited to the ontology of
space and material objects. We emphasize particularly the following tdpata:collection and measure-
ment Data capture andData modelling and theories of spatial data

Progress has been made in geospatial ontology with respect to the diaati@an of terminology, but
also in the development of formal theories and tools. In the paper Smith arld(R201) geographical
categories are investigated from the viewpoint of how non-expertseptmalize geospatial phenomena.
Though, as noted in Smith (2005), geospatial ontology is less advancedrthtomy in that it has nothing
like the formal treatment of ontological relations in anatomy.

Geographical objects are intrinsically related to space, and, in partithdarboundaries play a deci-
sive role. The features of material boundaries, in particular of nalaahdaries, exhibit a basis for the
classification of geographic entities, and hence, for the specificationasigtial categories. Since these
notions are insufficiently established, we believe that - to a certain exteavision of some current basic
concepts in this field is needed. Hence, we believe that GFO-Space maygeajsive role in the further
development of Geographical Information Science.

7. Comparison to other Approaches

Mereotopological theories vary in their expressivity and their ontologiesiisions (see Hahmann
(2009) or Ridder (2002) for an excellent overview). We want to foon three important distinguishing
features.

1. The introduction and definition of mereological and topological relations;
2. the treatment of boundaries (or lower-dimensional entities) and
3. the degree of specification of the intended model(s).

Enriching a mereological theory by topological primitives Ig&f-connectedned®orgo et al. (1996)
or disconnectiorEschenbach (1999) is one common way to specify a mereological theenys®d three
additional topological primitives, namegpatial boundaryspatial coincidencendspace regionA fur-
ther possibility is to define mereological relations in terms of topological primiti@ese well-studied
representative is thRegion Connected Calculus (RCRandell et al. (1992), whergart of is defined in
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terms ofconnectionThe RCC theory postulates only two axioms, namely reflexivity and symmethgof
connection relation. Apart from the usefulness of RCC for qualitatie¢isjrepresentation and reasoning,
the weak axiomatization is a shortcoming with respect to the third distinguishingamite

One main aim of our axiomatization is a precise characterization of the introguicaitives and, thus,
of the Brentano Space itself, i.e. we want to minimize the class of unintendedsndtie objective of
our investigation - the phenomenal space - is a constituant of cognitilty.rekence, our results are in-
tended to contribute to a deeper understanding of reality. It is a commoittiestof many mereotopo-
logical theories to include only equally-dimensional entities in a single modelBldtgo et al. (1996);
Randell et al. (1992), Gotts (1996), Galton (1996), among other®.mbdels of our axiomatization
exhibit a four-partite universe, namely three/two/one/zero-dimensiqralessurface/line/point regions.
Furthermore we include a subtle difference between lower-dimensiotibéemnd boundaries, i.e. not
all lower-dimensional entities are boundaries of a higher-dimensioneéspdity, e.g. extraordinary two-
dimensional entities (compare section 4).

It is left for future work to compare our approach with others in a moreilgetavay.

8. Conclusions and Future Work

In the current paper we expounded the basic axiomatics for the ontofapaoce in the framework of
GFO. This ontology is presented by a the@®y in first-order logic. The axioms d87 were inspired by
ideas of Franz Brentano on space and continuum, Brentano (197 @pM/hat this theory is compatible
with our visual experience. The absolute Brentano space, introdudbkid ipaper, belongs to the abstract
ideal region, similar as the entities of mathematics. The investigation of Brenfau® &nd its relations
to material objects is in an initial stage, hence, there is a number of openipoiMeose further investi-
gation might be of interest. We outline some of these questions, which aralrelatetalogical analyses,
to the morphology of pure space and to the mereo-morphology of materiat®bje

8.1. Metalogical investigation d87, BT (i), T;

An important problem is a proof of the consistency of the considereditgedris problem is open for

the basic theory87. We believe that this problem can be solved by using results on pseudic-topt-
logical spaces. Another problem pertains to the decision problem fag thesries. Using the results in
Herre (1973), and Hanf (1965), we may prove the the®yyis undecidable (if this theory is consistent).
On the other hand, we believe that the theof3§5(0), BT (1), BT (2), are decidable. In some cases we
may develop a complete theory, among them, the mereo-topological theory efwgitintwo end-points.
A complete elementary characterization of spatial standard entities, axaimpke a ball or a (three-
dimensional) torus remains an open problem. Another problem pertains toréfstigmtion of interesting
taxonomies of space entities. This problem is related to the exploration of thertbaum-Tarski Algebra
L(T3).

8.2. Morphology of Pure Space Entities

The next step is the ontological investigation of morphological structugsceSentities have also a
form. Forms cannot be captured by the principles of pure mereotop@agydea is to introduce only few
additional concepts and to remain mainly in the framework of mereotopolgythiopurpose, we may
introduce certain standard forms, as, for example, the ball or the cabmaky, we introduce additional
unary predicateball(z), cube(z). Then, we add certain axioms referringhtdl(x), cube(z) such that our
intuitions are grasped by them. For example, the predigdiéx) satisfies the following axiom: i and
y are balls, then the mereological difference between both is connecttidefraore, any topoid includes
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a ball as a part. What is the mereological sum of all balls being parts of &t®@df two topoids have
the same balls as parts, are the equal? Do they have the same boundary?

8.3. Mereotopology and Morphology of Material Objects

The investigation of material objects with respect to their mereotopologicaimamghological prop-
erties opens a new field of research, because essential new phenoocein A basic insight is the fact
that a boundary of material object (called a material boundary) must tieglisshed from a pure space
boundary. The relation between these different types of boundatiestief occupation. Furthermore, in
the consideration of material boundaries the notion of granularity must ba tato account. The notion
of granularity plays only a minor role for pure space entities. Basic idedisese topics are presented in
Baumann (2009), Herre (2010a).

8.4. Phenomenal Space and Sense Data spaces

We discussed in section 3.6. problems of metrics of sense data spaciesl Belse remarks there is a
research programme with is devoted to foundation of space cognition pegtonvarious topics. It might
be of particular interest to study the relation between phenomenal spdsetase data spaces.
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